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Abstract
The aim of this paper is to extend the considerations of the /rst and the third authors and others to the
setting of Suetuna, i.e. we consider some important sums of multiplicative ideal-functions in relative extensions
of number /elds. This contains most of the earlier work on those sums related to the divisor and the circle
problems.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
Given an algebraic number /eld K , let K(s) denote the Dedekind zeta-function of K de/ned by
the absolutely convergent Dirichlet series
K(s) =
∑
a=0
1
(Na)s
for  := Re s¿ 1, where the summation is extended over all nonzero integral ideals a of K and Na
denotes the norm of a. Writing this in the form
K(s) =
∞∑
n=1
F(n)
ns
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with F(n)=
∑
Na=n 1= the number of ideals a whose norm is equal to n, Landau [10] considered a
wide class of functions related to F(n). We call such functions de/ned over ideals, “ideal-functions”.
Recall now the notion of “superior highly composite numbers” due to Ramanujan [17]. A positive
integer is called “superior highly composite” if there exists a positive 
 such that
d(N )
N

¿
d(n)
n

for all n¡N
and
d(N )
N

¿
d(n)
n

for all n¿N;
where d(n)=d2(n) signi/es the divisor function, i.e. the number of representations of n as a product
of two factors. In view of this, it may be natural to ask how many positive integers n exist such
that
d(n)c
n
¿
1
x
(x →∞);
where c is a /xed positive number, i.e. to ask for the distribution of values of nd(n)−c not exceed-
ing x: ∑
nd(n)−c6x
1: (1)
This is a value distribution problem for “small” multiplicative functions (see [18]), while for “large”
multiplicative functions such as Euler’s function ’(n), counting the number of positive integers 6 n,
prime to n, Bateman [3] was the /rst who treated the value distribution problem (cf. [15,18] for
further development).
Ramanujan (and others) also considered an asymptotic expansion for∑
n6x
d(n)c: (2)
This problem is intimately connected with the Selberg divisor problem for dz(n), de/ned through
(s)z =
∞∑
n=1
dz(n)
ns
;
where the principal branch of the power is adopted. This latter divisor problem of Selberg [19] and
some variations thereof [9,13,14,22] attracted attention of many mathematicians including Delange
[4], whence the name “the Selberg–Delange method” ensues [22], and Nakaya [13], who uni/ed
this class of divisor problems into one that contains the main term expressed as a contour integral,
a point pursued in [2,14,22].
The problem was generalized by Rieger to the case of an arithmetic progression, which was further
uni/ed by Nakaya in a similar setting.
However, prior to [4] by 40 years, both the sums in (1) and (2) and related sums were considered
in [7,20,21] and asymptotic formulas were obtained with error estimates as good as most of the
above-mentioned works.
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Suetuna worked with following very general setting: Let K=k be a /nite extension of algebraic
number /elds (over Q) of degree n. Let OK (resp. Ok) denote the ring of integers in K (resp. in
k). For a given natural number  and for an ideal a = Ok of Ok , let T(a) denote the number of
representations of a= aOK , viewed as an ideal of OK , as the product of  ideals A1; : : : ;A of OK :
T(a) =
∑
a=A1···A
1
with T2(a) = d2(a) for K = k =Q.
Hasse and Suetuna [7,21] gave an asymptotic formula for∑
Na6x
T(a)
and Suetuna [20] considered the value distribution problem similar to (1) and the summatory function
similar to (2), obtaining the same estimate as Delange as mentioned above.
It was not until Balasubramanian and Ramachandra [2] extracted the main term as a contour
integral that a main break-through in these types of problems occurred with error terms as good as
in the prime number (ideal) theorem. The situation is similar to the prime number theorem in that
as long as one considers the main term x=log x, or x(1=log x + 2!=log2 x + · · ·+ n!=logn x), one gets
the reduction factor 1=logn+1 x in the error term, and only when one adopts the proper main term
li x =
∫ x
2 dt=log t + c, one gets the best error term O(x(x)), where
(x) = exp
(
e−A(log x)
0:6(log log x)−0:2
)
(3)
for A¿ 0 (cf. [23]).
Then Nakaya [13], adopting this standpoint, succeeded in extracting the proper main term as a
contour integral and getting the best-known error terms for the Selberg divisor problem as well as
for the summatory function of the number of representations of an integer as a product of k primes.
Tennenbaum [22] stated a general theorem for the summatory function of a sequence whose
generating function is an analytic function suMciently close to (s)z.
Suetuna [20] also considered another type of problems. Namely, let P be a sub/eld of k and for
n∈OP, let
F(n) =
∑
Nk=Pa=n
T (a);
where a∈Ok and Nk=Pa stands for the norm of a from k to P. If we de/ne T0(a) = 1, then this is
the ideal-function F(n) referred to above. Then he was concerned with asymptotic formulas for the
summatory functions
A2(x) =
∑
NnF(n)c6x
1 and B2(x) =
∑
Nn6x
F(n)c
with error estimates with reducing factor (log x)−A (A¿ 0).
Nowak [14] considers the sum B2(x) with c =−1 and P =Q and proves an asymptotic formula
similar to the one of Balasubramanian and Ramachandra [2], but with shorter sum with terms
O((x)) in number. It may be interesting to consider Nowak’s problem and other similar problems
on reciprocals of arithmetic functions in a suitably modi/ed framework of Suetuna. We remark that
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F(n) reduces to r(n) = r2(n), the number of representations of n as a sum of two squares, in the
case k =Q(i), the Gaussian /eld, and P =Q.
The aim of this paper is to give an announcement of our generalization of the consideration of
Balasubramanian and Ramachandra (and of Nakaya) to the setting of Suetuna [20] and of initiation
of the study on the ideal-function-like functions in relative extensions of algebraic number /elds.
2. Statement of results
We could work with modern situation as in [11] or [12], but we shall pertain to the following
classical situation due to Suetuna [7,20,21].
Let K=k be a /nite extension of algebraic number /elds of degree n. Let K∗ be the smallest Galois
extension of k containing K (i.e., the compositum K1; : : : ; Kn of all conjugate /elds of K over k with
K1 =K) and let G=Gal(K∗=k) be the corresponding Galois group with #G= g. We regard G as a
(transitive) subgroup of the nth symmetric group. Let
G=
h⋃
j=1
Cj
be the decomposition of G into the disjoint union of conjugate classes Cj, with C1  1 and #Cj=hj.
We classify all prime ideals of Ok , the ring of integers of k, into (h+1) classes. By a theorem of
Dedekind, those prime ideals p0 which ramify in OK , the ring of integers in K , are those dividing
the discriminant DK=k of K=k (and a fortiori, these are /nite in number)
p0 |DK=k :
We may now use the results of Frobenius–Artin [1,6] to classify all unrami/ed prime ideals into h
classes corresponding to conjugate classes Cj in the sense that if ∈Cj decomposes into the product
of ej disjoint cycles consisting of fj1 : : : fjej symbols, then
pj =Pj1 : : :Pjej ; NK=kPji = p
fji :
We denote this correspondence by
pj ↔ Cj; j = 1; : : : ; h
and say that pj belongs to Cj, 16 j6 h.
For (h+ 1) given numbers #j ¿ 0, 16 j6 h, de/ne
g(pj) =
1
#j
+O(exp(−c(logNpj)a) (4)
with c¿ 0, a¿ 32 and then de/ne the ideal-function-like function g(a) multiplicatively, i.e.
if a= p1 : : : pl is a decomposition into prime ideals, then
g(a) = g(p1) · · · g(pl):
Further, we assume that
g(a)(Na)−&; &¿ 0: (5)
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In this setting we consider the summatory functions (recalling (1) and (2))
A1(x) =
∑
Nag(a)6x
1; B1(x) =
∑
Na6x
g(a): (6)
To state the results we need further notation.
Let 'i (16 i6 h) be the simple characters of G (with '1 principal), and let L(s; 'i)=L(s; 'i;K∗=k)
be the corresponding Artin L-function de/ned by
log L(s; 'i) =
∑
p;m
'i(pm)
m(Np)ms
; (7)
where the principal branch of the logarithm is taken and the series over prime ideals p and m=1; 2; : : :
is absolutely convergent for ¿ 1.
We introduce important quantities
*i(s) =
1
g
h∑
j=1
#−sj hj'i(C
−1
j )
=
1
g
∑
G∈G
#−sG 'i(G
−1); (8)
where #G = #j if G ∈Cj.
Theorem 1. The generating Dirichlet series
Z(s) =
∑
a
(Nag(a))−s; ¿ 1 (9)
admits the representation
Z(s) = -1(s) exp
(∑˝
i=1
*i(s) log L(s; 'i)
)
; (10)
where -1(s) is regular for ¿ 12 , nonvanishing for ¿
1
2 and is bounded in ¿
1
2 +  (¿ 0).
Corollary 1. We have, as x →∞,
A1(x) = x(log x)*1(1)−1
∞∑
.=0
.∑
/=0
&./(log x)−.(log log x)/ +O(x(x));
where (x) is the reducing factor (3) and &./ are constants. The in<nite sum over . can be
shortened to a <nite sum with a certain power of log x as the upper limit of summation.
The other problem considered in [20] and referred to in Section 1 can be generalized as follows:
Let f be a function satisfying the same condition as g (cf. (4)). Then put for p∈OP
F(p) =
∑
Nk=Pp′=p
f(p′): (11)
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Taking the correspondence between unrami/ed primes and conjugate classes of G into account, we
have
F(p) =
h∑
j=1
#−1j
∑
Nk=Pp′=p
1;
where p′ ∼ Cj. By orthogonality (cf. (21) below), this can be expressed as
F(p) =
h∑
j=1
#−1j
∑
Nk=Pp′=p
hj
g
h∑
i=1
'i(p′)'i(C−1j );
where p′ ranges over all unrami/ed primes in k whose norm is p. Changing the order of summation
and bearing (8) in mind, we obtain
F(p) =
h∑
i=1
*i(1)
∑
Nk=Pp′=p
'i(p′): (12)
Now, as in [20], let K be the smallest Galois extension of P containing K∗, and let N, M, and
L be the Galois groups of the corresponding Galois extensions Kˆ=P, Kˆ=k, and Kˆ=K∗, respectively.
Then M=L  G. Let 'ˆi denote simple characters of N and let 'ˆ'i denote a character of N induced
by 'i. Then one of Artin’s important result [1] asserts that
'ˆ'i(p) =
∑
Nk=Pp′=p
'i(p′) (13)
which is exactly the coeMcient of *i(1) on the right of (12). Hence, we have an analogue of
Suetuna’s Theorem 7 [20]:
F(p) =
h∑
i=1
*i(1)'ˆ'i(p): (14)
This enables us to de/ne F(a) multiplicatively (for rami/ed primes, F(p0) = constant) and consider
the asymptotic formulas for the sums (c¿ 0)
A2(x) =
∑
NaF(a)c6x
1 and B2(x) =
∑
Na6x
F(a)c:
We may argue as in [20] to deduce results similar to those in Theorem 1 and Corollary 1, which
we shall omit here in anticipation of forthcoming occasions.
3. Proofs
Proof of Theorem 1. By multiplicativity of g(a), we may express Z(s) de/ned by (9) as
Z(s) =
∏
p
(
1 +
1
(Npg(p))s
+
1
(Npg(p))2s
+ · · ·
)
:
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Classifying the prime ideals into (h+ 1) classes, we get
Z(s) = Z0(s)
h∏
j=1
Zj(s); (15)
where Z0(s) is the /nite product of rami/ed primes p0 and Zj(s) is the product over all prime ideals
pj belonging to Cj, 16 j6 h.
Since
Zj(s) =
∏
pj↔Cj
(
1 +
#−sj
(Npj)s
+
#−2sj
(Npj)2s
+ · · ·
)
we are to eliminate the second term #sj=(Npj)
s. We do this by factoring out
∏
pj
(
1
1− (Npj)−s
)#−sj
(16)
from Zj(s), i.e., putting
-j(s) = Zj(s)
∏
pj
(1− (Npj)−s)#
−s
j ; (17)
we see that
-j(s) =
∏
pj
(
1 + O(Np−2(1−&)j )
)
and that this is absolutely convergent for ¿ 12 in view of condition (5) (if we assume a stronger
condition like &= 116 , then we have a wider region ¿
8
15 of absolute convergence).
The logarithm of factor (16) can be written as∑
pj
log(1− (Npj)−s)−#
−s
j = #−sj
∑
pj
1
(Npj)s
+  ( j)1 (s); (18)
where here and hereafter  ( j)l (s), l=1; 2; : : : mean a series which is absolutely convergent for ¿
1
2 .
Our next task is to express the series 2pj1=(Npj)
s in terms of Artin L-functions (7).
Transforming (7) slightly, we infer that
log L(s; 'i) =
∑
p=p0
'i(p)
(Np)s
+  (i)2 (s): (19)
Since,
'i(pj) = 'i(Cj) = 'i() (∈Cj);
we may rewrite (19) as
log L(s; 'i) =
h∑
j=1
'i(Cj)
∑
pj
1
(Npj)s
+  (i)2 (s): (20)
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Now use the orthogonality relation
h∑
i=1
'i()'i(*−1) =
{
g=hi if  and * are in Cj;
0 if  and * are not conjugate
(21)
to get
hj
g
h∑
i=1
'i(C−1j )log L(s; 'i)
=
hj
g
h∑
l=1
∑
pl
1
(Npl)s
h∑
i=1
'i(Cl)'i(C−1j ) +
hj
g
h∑
i=1
'i(C−1j ) 
(i)
2 (s)
=
∑
pj
1
(Npj)s
−  ( j)3 (s)
or ∑
pj
1
(Npj)s
=
hj
g
h∑
i=1
'i(C−1j )log L(s; 'i) +  
(i)
3 (s): (22)
Substituting (22) in (18) and exponentiating, we get∏
pj
(
1
1− (Npj)−s
)#−sj
=exp
(
#−sj hj
g
h∑
i=1
'i(C−1j )log L(s; 'i)
)
exp( (i)4 (s)): (23)
We observe that (15) and (17) imply
Z(s) = Z0(s)
h∏
j=1
-j(s)
∏
pj
(
1
1− (Npj)−s
)#−sj
so that substituting from (23) and writing -∗j (s) for -j(s) exp( 
( j)
4 (s)), we obtain
Z(s) = Z0(s)
h∏
j=1
-∗j (s) exp

 h∑
i=1
log L(s; 'i)
1
g
h∑
j=1
#−sj hj'i(C
−1
j )

 : (24)
Noting that the coeMcient of log L(s; 'i) is *i(s) (cf. (8)) and denoting the /rst two factors by -1(s),
we arrive at (10), completing the proof.
To prove Corollary 1 we appeal to Artin’s theorem [1,11] to the ePect that L(s; 'i) (i = 1) can be
expressed as a product of rational powers of Hecke L-functions associated with certain intermediate
/elds of K=k. This enables us to consider in place of Artin L-functions, Hecke L-functions, L(s; '),
say, to which we may apply Hinz’s [8] results: Let
M (q; t) = max{logNq; log2=3(|t|+ 3)log log1=3(|t|+ 3)};
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where q denotes the modulus to which L(s; ') is de/ned. Then in the region −4¡ arg(s− 1)¡4
¿ 1− C
M (q; t)
; C ¿ 0 (25)
we have L(s; ') = 0 except for one possible real character. Since we may disregard the contribution
from Nq, we /nd that our function Z(s) falls in the category of functions treated in [16] and we
may apply his Theorem 3 to conclude the assertion of Corollary 1.
To prove a result with a shorter sum in the main term, we must do more detailed analysis. As in
[2], for every 
¿ 0, we consider the contour consisting of three parts:
Lj(
) :  = &(t) = 1− CM (q; t) (t ¿− 
; j = 1; t ¿ 
; j = 2) and C(
) : |s− 1|= &(
):
Letting 
 → 0+, we have the contour L1 ∪ C ∪ L2. The logarithmic Riesz sum A∗1(x) of order 1
admits the asymptotic formula
A∗1(x) =
∑
Nag(a)6x
log
x
Nag(a)
=
1
24i
∫
C
Z(s)
s2
xs ds+O(x(x)):
Applying the Tauberian argument and studying the main term in more detail, we will obtain a
result corresponding to that in [2] and probably a result similar to one in [14]. This direction of
research as well as the problem on ideals free from large prime divisors [5,18] will be considered
elsewhere.
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